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On spin-: gauge fields? 
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Received 16 May 1979 

Abstract. A gauge theory for spin-; fields is discussed. 

1. Introduction 

The beginning of a new theory for spin-$ fields is presented below. These results were 
obtained by Fang and Fronsdal (1978), and independently but later by us. The first 
authors actually found actions for fields of any spin (integer (Fronsdal 1978) as well as 
half-integer (Fang and Fronsdal 1978)). We (Berends et a1 1979a) concentrated only 
on spin-? and studied its quantisation (Berends er a1 1979b), BRS rules, etc. 

The Lagrangian for a free massless spin-? field, coupled to an external source, is 
given by$ 

2= -;&uB*pu +(&. Y ) , [ 2 @  $), -B(r $1, -a ,$I+$&B$+ &3,, (1) 
where $,,, is a symmetric tensorial Majorana spinor. This action, as one easily shows, is 
invariant under the following local fermionic gauge transformation: 

w,,, = a r E u  +a,€, with y .  E = 0. (2) 
The remarkable discovery is that the restriction y . E = 0 still leads to only two physical 

modes! One can show this either in the field equation, by choosing a suitable gauge (for 
example, y,$,,, -&$ = 0), or by evaluating the residue of the propagator, taking into 
account that the source Tpy satisfies some constraints due to the presence of a local 
gauge invariance in the action. It was widely believed that one needed a,T,, = 0 and 
thus Si,bW,, = a,€, + a,,€, without y . E = 0, in order to show that all unphysical modes 
cancel from the theory. For example, Schwinger (1970) obtained the field equation 
corresponding to equation (1) as well as the source constraint corresponding to 
equation (2) basing himself on conserved sources. Actually, as we now know, this 
criterion is too strong and can be weakened as follows. Namely, we can redefine the 
field $,,, by 

= + aS,& + ~ ( Y , Y . ~ $ A ~  + Y ~ Y A $ A , )  (3) 

I' Based on a talk given at the Sanibel meeting on Fundamentals of Quantum Theory and Quantum Field 
Theory February 1979 in Gainesville, Florida, by P van Nieuwenhuizen. 
i Conventions: ( y .  +), = y.+,,, + = +,,, and y,y.+ y,y, = 2S,, with S,, = (+, +, +, +). Also p2  = p2+p:  
and X = k,y,. 
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to bring the Lagrangian into a simpler form (see (Betends eta1 1979a, equation (4.23)): 

ze=--’ z$Fu8$p”-:cl i ; .  - Y ) , 8 ( Y .  $ ) F + % *  Y. $. (4) 

S ~ , ” = ~ d ( ~ , E Y + ~ Y E , ) + S , u ( d .  €-;By. €1 ( 5 )  

d,T,, =rP[$(y. T),-$y,T]. ( 6 )  

In that representation the gauge invariance ( 2 )  is more complicated and given by 

which corresponds to having the source constraint 

In a series of papers, Weinberg has analysed higher spin theories (Weinberg 1964). 
First, he shows that Lorentz invariance of the S matrix requires that the source be 
conserved. Adapted to the spin-5 case, the argument runs as follows. The matrix 
element for emission of one spin-$ particle (with, say, helicity +$) is 

S = f i + ( k ) E = ( k ) e : ( k ) M , ,  (7) 

Under a boost, E :  acquires a term proportional to k ,  and it seems that one needs 
k,MFv = 0 in order that the S-matrix element be Lorentz-invariant, Actually, we see 
that, since the spinor u’(k)  satisfies the Dirac equation, the weak conservation in (6) is 
enough. The S matrix is still on-shell gauge-invariant, 

Subsequently, Weinberg derives restrictions on the possible couplings of massless 
particles with spin J by considering the emission of one soft spin J particle from a given 
process. For soft photons and gravitons, the matrix element is dominated by the poles 
due to emission from incoming or outgoing physical particles: 

S (photon) = ei (:: _I l) S (no photon) 

(Pi. 
Pi. k 

s (grwiton) = gi- S (no graviton) 

Gauge invariance then requires charge conservation (Cei = 0) and the equivalence 
principle (gi = K ) .  For spin 5,  Grisaru and Pendleton (1977) applied these arguments to 
supergravity and found the same relations between processes with different numbers of 
bosons and fermions as follow from the global supersymmetry algebra, For spin $ it 
implies (Grisaru and Pendleton 1947, Grisaru et a1 1977) that there are no long-range 
forces (gradient couplings). 

2. Two modes in the field equations 

To show that there are only two modes in the classical theory, we consider the field 
equation obtained from (1): 

o , , = B G w Y - ~ , ( Y .  G ) u - & ( P / .  G),=O. (8) 

(Note that the action is not simply -$$,vQ,y as this would give a different field 
equation. In general, if $,,,F,,, is symmetric in both spinors, it is a good action. The 
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converse is thus not true.) Choosing the relativistically invariant gauge? 

y,qbWv = 0 (gauge condition) (9) 
one finds that one can obtain this gauge, since 6 ( y .  $), = B E ,  if y .  E = 0. Thus, 
E ,  = a-’( y . $), and indeed 

ay. E = -8*+2d,(y. *), = o  

a,*,” = iQPU = 0 

(10) 

(1 1) 

as one sees by tracing (8). Thus, on-shell ( y  . $), = 0, hence $ = 0, and (8) yields 

(on-shell in gauge y,&,, = 0). 

Hence, in this gauge, k 2  = 0 on-shell. 
Expanding the tensor part of $,,, into the basis with $, E ; ,  k ,  and k; where E, is the 

time-reversed k (this approach was first applied to spin 2, see Sterman et a1 (1978)), one 
has with kp+bPv = 0 on-shell 

From k’t,bFy = 0 it follows that 

k’GAA’=z 0 for A ,  A ‘ =  -I-, -, 0. (13) 
= 0 it follows that G+- = 0. From yP~, , ,  = 0 one then has 

0. (14) 
Choose now a second gauge with E ,  = -c;G’’-$kpGo0- E~G-O. Then $,,, = 
(k ,U  f apt-,, + d,,~, still satisfies 

From $ = 0 and ( k J 2  = 

/ + G + *  = /G-- = /+G+O + k i - C ; - O  = 

iGPU = YP&” = k,&” = 0. (15) 
Hence $pu = E ~ E L G + + +  E;E,G--. Finally, from ,d’G++ = 0, it follows that the spinor 
(G++) has helicity + $, To see this, note that 

Thus, 
$,,, = A u ’ ( k ) ~ t  ( k ) ~ :  ( k )  + Bu-(k)E;(k)E;  ( k )  

and there are indeed two modes in the classical theory. 
One can use gauges which hold also off-shell. An example is the gauge in equation 

(29). One can also employ the non-relativisticgauge yjl(lii = 0 (summed over i = 1,2 ,3) ,  
which is the analogue of the Coulomb gauge (Berends et a1 1979b). The results remain 
unchanged. 

3. Two modes in the propagator 

For spins below g, absence of ghosts in the field equations implies absence of ghosts in 
the propagators and vice versa. Thus it comes as no surprise that in the spin-; massless 
propagator there are also no ghosts. In fact, the action and transformation rules in 

i In  the following we choose the simplest gauge, yMGMV = 0, although this can only hold on-shell. One can 
repeat our analysis in the gauge yeGP” -$yvq? = 0 which can also be satisfied off-shell. 
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equations (1) and (2) were obtained by Berends et a1 (1979a) by the very requirement of 
absence of ghosts in the propagator. We now briefly sketch the procedure; for more 
details see Berends et a1 (1979a). 

is readily found by adding angular 
momenta. Since a graviton field has one spin-2, one spin-1 and two spin-0 components 
(of which the spin-1 and one of the spin-0 are absent in the Einstein action), it follows 
that 

= :@;@;@;&@;. (18) 

For each spin one introduces a set of projection operators P i  where ii distinguishes 
between components with the same spin (thus ii = 11,22 for J = 4 and ii = 11,22,33 for 
J = 1). In addition, one introduces transition operators P;(i # j )  between different 
components of equal spin. The sum of the projection operators equals unity: 

(P5’2 + P::2 +Pi? + P g 2  +Pi:’ + P:;2);:pm= ;(8,p8”m + 8,,8,)6*~ (19) 

and the whole set of operators is orthonormal: 

The spin content of the tensor-spinor 

(20) 
JK J P;P: = 8,,8 P,/. 

The most general field equation as well as the most general propagator for *,,, can be 
expanded on this complete basis. The advantage of using this spin projection formalism 
is that the whole analysis is reduced to an analysis within separate and independent spin 
blocks. For a discussion of this spin formalism for spin-2 fields, see van Nieuwenhuizen 
(1973). 

In Berends et a1 (1979a) the most general propagator was written down and was 
required to have positive residues. This put conditions on the external sources with 
which this propagator was sandwiched. Requiring moreover that there be only two 
propagating modes with helicity 5 led to additional source constraints. These conditions 
were formulated in terms of spin projection operators: 

(21) 
In this way we found both in the spin J = 2 sector and in the spin J = ; sector one source 
constraint. Since, as is well known, source constraints imply gauge invariances of the 
field equation and vice versa, the constraints on the external spin-: sources led to gauge 
invariances of the field equations. The establishment of the one-to-one cor- 
respondence between source constraints and gauge invariances uses the spin projection 
operators (van Nieuwenhuizen 1973). In this way an action was written down, again in 
terms of spin projection operators, which had these gauge invariances. The crucial 
point now was whether this action was local, i.e. whether it was linear and homogeneous 
in derivatives. Fortunately, it was. 

(~,p;),u,p&o = 0 (fixed 4. 

4. Matter couplings 

If one follows the successful path which led to supergravity, one replaces 3, by D, in (1) 
and varies with 

W,” = D,G + D”€, y . € = o .  (22) 

SI(;)  = G,&~,up (23) 

If one ends up with the Einstein tensor times something: 
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then one can add the Einstein action and obtain full invariance at the local coupled level 
by Sea, - EpC,,,. However, one finds a Riemann tensor. Thus it seems one cannot 
couple spin-2 and -2,  Similarly, the coupling to the electromagnetic field is inconsistent 
(Berends et a1 1979b). 

If one starts at the matter end, and tries to find globally invariant action (invariant 
under transformations with constant E,, still with y . E = 0) one notices 

(i) that, as always, cancellation between fields occurs pairwise. Thus one can start 
with the free field action of any pair of fields. Adding other fields will not help. 

(ii) Explicit work shows that no couplings exist for (4, 0) or (1,i) (which has a helicity 
difference of 1) or even (2, 1) (the analogue of the O(2) extended supergravity model). 
For example, consider the spin (0 ,  $) case. Since y . E = 0: 

SA = GP[47,1$, (24) 

requires cy = p = y = 0. 
These negative results concerning matter couplings can be understood from an 

algebraic point of view. The most general anticommutator for two supersymmetry 
generators QE subject to the condition y”Q,f = 0 is given by 

(27) {Q,f, Q ~ > = ~ ( ~ , Y ~ + ~ ~ Y , - ~ S , ~ - ~ ~ , , ~ ~ P  P y 0- y 5 4  ) . 
This result follows when one requires that the right-hand side is linear in P, and that the 
charges QE are Majorana spinors and coincides with that of Baaklini (1977) if one 
iinposes the constraint ypQE on the algebra of Baaklini (1977). Consequently, the 
Jacobi identities are satisfied if one has the usual relations between Q,f and the PoincarC 
generators. 

For massless particles we go to the frame of reference where the momentum p is 
along the z axis. Decomposing the generators into transversal and light-cone 
components, one has 

Q; = Q,, Q, for i = l , 2  

Q + =  Q 3 +  Qo Q-=  Q3- Qo. 

Using 

P* = (PS*PO)/J2 and Y+ = ( 7 3  f r o ) / J T  
with y4 = iyo one finds the following results: 

{ Q L, Q:’ 1 = 5 S ”p+ y- YO - 3 i~”p+  y- YS Y O  

{Ql, Q : > = P + Y ’ J ~ ( Y + + ~ Y - )  

{Ql, Q Y > = O  
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In a positive definite Hilbert space, this requires 8- = 0 as an operator, which is in 
contradiction to the last but one anticommutator. Therefore the supersymmetry 
algebra (27) cannot be realised in such a space and the coupling of matter to spin-? can 
only be realised if the charges vanish on the matter states. These results are in 
agreement with the work of Haag et a1 (1975). Hence, the coupling to matter poses 
serious problems and it is a challenge to find a solution. 

The O ( n )  extended supergravity models have at least one- and two-loop finite quantum 
corrections. Only for n > 8 does O(n)  contain SU(3) x SU(2) x U(I) as a subgroup. 
[0(9) =, 0(6) x O(3) and O(6) == SU(4) = SU(3) x U( 1) while O(3) = SU(2)]. However, 
for n > 8 these niodels contain spin-2 particles, and it was generally believed that no 
field theories can be constructed for particles with spin and higher. That inay still be 
true. All we have shown is the beginning of a new theory for spin 5 in which the free field 
is coupled to external sources without producing ghosts. It is not clear whether one can 
consistently couple also to dynamical sources. If this can he done, then this has 
encouraging phenomenological implications. However, our arguments indicate that 
the coupling to gravity and other matter configurations needs vanishing charges and 
absence of long-range forces. 

The quantisatisn of the massless spin-2 system has been considered in Berends et al 
(1979b). Choosing the gauge fixing term 

F, = YYIIJ,, -ay,* ( y . F = O )  (29) 

Y =  2?(class)-4@,BF,+ (?zBC, (30) 

c* . y = y .  c = @ 

the effective action becomes 

where from y . F = 0 and y e  E = 0 it follows that 

(31) 
respectively. The RKS rules which leave this quantum action invariant are 

Of course, in a coupled theory with field-dependent structure constants, SC, will no 
longer vanish in general. 

One can also construct a massive spin-? theory without ghosts, but in this case m e  
needs an extra spin-; field A. One can again use the spin projection formalism, but now 
in the A )  space, to invert the field equations and then find that there are no ghosts. 
The (GFv, A )  action is obtained by taking a fourth root of the spin-? projection operator, 
and choosing this fourth root such that it does not contain non-local U-' terms (the root 
formalism is due to Ogievetski and Sokatchev (1977)). Then, after shifting fields to 
make this root symmetric, the action is obtained by sandwiching the shifted root 
between (&,, A ) .  

In the limit of vanishing mass the spin $ decouples, and one can discard it in the 
massless theory. In this sense there is a van Dam-Veltman (1970) mass discontinuity, 
this time already sat the level of the action. 
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Note added in proof. Since this paper was submitted several related publications on higher-spin theories have 
appeared (Aragone C and Deser S 1979 Phys. Left. 8618 161, Phys. Reu. D to be published, Berends F A and 
van Reisen J C J M Nucl. Phys. B to be published, de Wit B and Freedman D Z Phys. Rev. D to be published, 
Fronsdai C and Hata H Nucl. Phys. B to be published, Fransdal C Preprint UCLA/79/TEP/19, Curtright T 
1979 Phys. Lett. 85B 219). Unfortunately, the negative results reported here on the possibility of having 
interacting theories, with or without gravitation, have been confirmed. Up till now, no fully consistent 
interacting theory has been found. 

References 

Baaklini M S 1977 Phys. Lett. 67B 335 
Berends F A, van Holten J W, de Wit B and van Nieuwenhuiten P 1979a Nucl. Phys. B 154 261 
- 1979b Phys. Lett 8318 188 
van Dam H and Veltman M 1970 Nucl. Phys. B 22 397 
Fang J and Fronsdal C 1978 Phys. Rev. D 18 3630 
Fronsdal C 1978 Phys. Rev. D 18 3624 
Grisaru M T and Pendleton H 1977 Phys. Left. 67B 323 
Grisaru M T, Pendleton H and van Nieuwenhuizen P 1977 Phys. Rev. D 15 996 
Haag R, Lopustanski J T and Sohnius M 1975 Nucl. Phys. B 88 257 
van Nieuwenhuizen P 1973 Nucl. Phys. B 60 478 
Ogievetski V 1 and Sokatchev E 1977 J. Phys. A:  Math. Gen. 10 2021 
Schwinger J 1970 Particles, Sources and Fields (Reading, Mass.: Addison-Wesley) 
Sterman G, Townsend P K and van Nieuwenhuizen P 1978 Phys. Rev. D 17 1501 
Weinberg S 1964 E’hys. Lett. 9 359 


